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Abstract 

We examine the following fourth order Henon equation 

A'u=|a;|"uP InR"^, (1) 

where < a. Define the Hardy-Sobolev exponent P4{a) := ^^-j^ri^- We show that in dimension N = 5 
there are no positive bounded classical solutions of ^ provided 1 < p < P4{a). 

1 Introduction and main results 

In this, the prehminary version of the paper, we are interested in the fonoviring fourth order problem 

A^u = in R^, (2) 

where p > 1 and a > 0. Our interest is in the Liouville property (ie. the nonexistence of positive solutions). 
We begin by recalling the known results for the second order analog of 

- Alt |a;|"uP in R^. (3) 

The case where a = has been very widely studied, see [2] , [3] , [7] , [S] . It is known that there are no positive 
classical solutions of ^ under various decay assumptions as |a;| — > oo provided that 

N + 2 

1 <p < 



N -2' 



and in the case of iV = 2 there is no solution for any p > 1. We further remark that this is an optimal result. 

We now give a brief background on the case where a is nonzero, for more details see [llj . We define the 
Hardy-Sobolev exponent 

, , N + 2 + 2a 
F^v ; AT -2 

where A'^ > 3. It is known, see [7], that if a < — 2 then there are no positive solutions to ^ on any domain 
containing the origin. Hence we restrict our attention to the case where a > —2. The case of radial solutions 
is completely understood, see [7] and [1], where they show there exists a positive classical radial solution of 
([31) if and only if p > P2{o)- This result suggests the following: 

Conjecture 1. Suppose that a > —2. If 1 < p < p2{o:) then has no classical bounded solution. 

Note that P2(«) < exactly when a < 0. Also note that the term \x\" changes monotonicity when a 
changes sign. For these reasons the methods available to prove this conjecture greatly depend on the sign of 
a. Until recently the best known results concerning ([3]), apart from the radial case, were 
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Theorem 1. Let a > —2 and p > 1. 

1. If p < min{p2(0),P2(ct)} then there are no positive sufficiently regular solutions of 

2. If p < ^-r§ then there are no positive weak supersolutions of 

The first part of this theorem is from [7] and [T]. Note that this imphes that the Conjecture[T]holds in the 

— a — 2 

case of negative a. The second part is from |10] and is an optimal result after considering u(x) — C\x\ p-i 
for some positive C. 

We now come to the method which we will extend to ©. In [T^ the Lane-Emden conjecture, which is 
related to the elliptic system 

-Au = yP, -Av = ?i9 M^, 
was shown to be true in dimension = 4. Later this method was extended in to show: 

Theorem 2. Suppose that N — 3 and a > 0. If 1 < p < P2(a) then there is no positive bounded classical 
solution of (0). 

In fact they prove more. They show there is no positive classical solution that satisfies certain growth 
conditions. This method does allow them to obtain new, but non optimal, non existence results in higher 
dimensions. We also mention that they give a new proof of Theorem [TJ 1. 

It is precisely Theorem [5] which we will extend to ([2]) . We remark that one could use the methods from 
[TT| to prove results concerning ([2]) for negative a but we choose not to do this. Before stating our result 
we briefly recall the results for The most studied case is when a = 0. In this case the positive classical 
bounded solutions of ^ are classified and there are no positive bounded solutions provided 

see [9], [13]. For other results concerning ([2]) we direct the reader to [5], [6]. Using the methods from [10] 
one can show there are no positive weak supersolutions of ^ provided that 

N + a 

see the comment after Lemma [3] 

In various applications one is not interested in any solution of ^ but rather one with added properties. 
In [3] it was shown that there are no positive finite Morse index solutions of ^ provided 

, , A^ + 4 + 2a 
l<p< pi{a) ;= — J^-^ — • 

We now come to our result. 

Theorem 3. Suppose that < a. Then there is no positive bounded classical solution of provided N — 5 
and 

1 <p < P4(a) = 9 + 2a. 

2 Proof of Theorem [3] 

We first introduce some notation. For i? > we define Bj^ :— {x G : 1^1 < ^} ^^'^ dBfi denote 

the boundary of the ball. We begin with a Rellich-Pohozacv argument. 

Lemma 1. / Suppose that u is a bounded nonnegative solution of with N > 5, a > and 1 < p < p4{a). 
Define 



F{R) := [ |a;|"itf 
Jb„ 
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Then there exists C = C{N,p, a) > but which is independent of R such that for all R > 1 



c 



< / / IAmIIVu 



JdBR '^^ JdBR 

+R [ |V(Au)||Vw| + / |Au||V(a;- Vw) 

JoBr JdBR 



We now eliminate and simplify some of the terms from the above lemma. 

Corollary 1. Suppose that u is a bounded nonnegative solution of (0) with N > 5, a > and 1 < p < p4{a). 
Then there is some C — C'(N,p, a) > such that 

JdBR ^ JdBR 

|VAu|M + i? / |VA?x||Vu| 

1 JdBR 

+R [ \D^u\^ (4) 

JdBR 

for all R>1. 

For future reference we label the terms on the right hand side o{ ^ as Ii, I2, h, where Ii is the first 
term on the right and is the last. 

Proof. One immediately obtains the desired result by using the following two inequalities and taking e > 
small, 

|Am||Vu| <ei? / \Au\^ + % f jVup, (5) 

JdBR R JdBR 



f |Au||V(x- Vw(x))| < ei? / {Auf + ^^f jVup + C(e)i? / \D^u\^. 

JdBR JdBR R JdBR JdBR 



(6) 

([5]) is obtained from Young's inequality after inserting the factor ^/R. To show © one begins with the 
inequality 

|V(x • Vu(a;))p < C {|Vu(a;)p + \x\^\D^uix)\^} , 
where C = C{N) > 0. This is obtained by direct calculation and some obvious estimates. Then one has 



/ |Au||V(x- Vu(a;))| < eR [ {Auf 

JdBR JdBR 

+ ^ f \V{x-Vuix))\ 

^ JdBR 



\vyx- V ui^x"^ )\^ 

dBi, 

< sRf (An)' + ^ / |Vu|2 

JdBR ^ JdBR 



+C{e)R [ iZJ^-up. 

JdBR 



dBf 

□ 

To show the nonexistence of a positive solution of ([2]) one would like to show that each of these boundary 
integral terms goes to zero as i? — > 00. The trick in Souplet's method, see [11] and [T2], is to view R as 
a parameter and then to use various Sobolev inequalities on the sphere S^~^ to estimate these boundary 
integrals. One of the benefits of this is that one has improved embeddings since they are now working on a 
lower dimensional object. 

The following lemma is just the standard L'p regularity and interpolation results written in a scale 
invariant way. 



3 



Lemma 2. 1. (L^ regularity) For 1 < i < oo there exists C > such that for all R > 1 and for all 
sufficiently regular v we have 

\Dtv\'<c[ \A'v\^ + ^[ \v\K (7) 



Br\Br JB2R\Bn R'^* JB2R\Bji 

2 4 4 

2. (Interpolation) For \ < t < oo and 1 < J < 3 (an integer) there exists C > such that for all R > 1 
and for all sufficiently regular v we have 

[ \Div\' <CR'^'-'^^ I |A\r + -^/ \v\\ (8) 

Jb„\Br Jb2r\Br Jb2r\Br 

2 4 4 

The next lemma follows from the rescaled test function method from |10| 
Lemma 3. fTW Suppose that u is a positive weak supersolution of Then there exists C > such that 



\x\'^uP < CR"~ — ~ — 
B2R 



for all R>1. 



Note that if p < then the exponent of R on the right hand side is negative and this is enough to 

show, after sending R 00, that there is no positive solution (or positive weak supersolution) to ([2]) as 
mentioned in the introduction. 

Corollary 2. Suppose that N — 5, 1 < p < Pi{a) — 9 + 2q: and that u is a hounded positive classical solution 
ofW- 



1. Then there exists C > such that 

u 



< CR^-"^ 



2R 



for all R>1. 

2. Suppose that e > 0. Then there exist some > such that 



B2r\B Ji 



for all R>1. 

3. There exists C > such that 

for all R>1. 

4- There exists C > such that 

for all R>1. 
5. There exists C > such that 

for all R> 1. 



\Dlu\<CR''-'^, 



B2r\B r 



iDlul < CR""-^ 



B2r\B r 
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Proof. 1. Here we use the result from Lemma [3] and Holder's inequality. 
2. We use the LP regularity result to see 

\Dtu\'+^ < C[ (A'unA'u) + -^ f 

Br\Br B2r\B r ^ B2r\B R 

T ~^ T 



< CR^ f + ^ I 



IB2R\Bn ^ JB2h\Br 

and one now uses Lemma [3] and 1 to obtain the desired result. 

For the remainder of the proofs one uses the estimates from 1 and 2 and uses the interpolation inequality. 

□ 

We now introduce the various notations we will be using on the sphere. Given nonzero x £ we will 
use spherical coordinates r = and ^ = jfj G S^^^. We will write v{x) — v{r,d). Also unless otherwise 
stated LP norms will be over the unit sphere S^~^, so given some function v defined on S^~^ we have 
\\v\\p \v\Pd9}K We will let 



Another key idea from [12] is to turn the volume estimates from Lemma |3] and Corrolary[2]into estimates 
which are valid over spheres of increasing radii Rm — > oo. To illustrate the idea we assume that we have 
estimates of the form 

/ Mx)dx < aR''-"^ 

J Bn\B R 
■3" 

for i = 1, 2, n and where < fi- The goal is to find a sequence Rm — > 00 such that 

g^{Rm) / fiRm,0)de, 

satisfies 



g^iRm) < CR 

for a\\ 1 < i < n. So note that we can write 



rn ' 



We now define the sets 



r^-^g,{r)dr = / f{x)dx < C.R^-"^ 

Jbh\Br 



r,(i?) ■.= {re{^,R)■.g^{r)>KR- 



where we will pick K > later, and note that we have 



/ r'^~^g^ir)dr < f h{x)dx<C,R 

Jr,(R) JBr\Br 

2 

and the left side has a lower bound given by 



|r,(i?)|i?^-"-i ^ 



This shows that 

|r,(i?)| < -^R, 
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and by taking K > big one has, by looking at the measure, that there exists some R such that 

Re r,(i?). 

From this one can conchide that 

g,{R) < X(2"' +2-"')^-"% 

and so there is some C > and 1 < Rm — t- oo such that gi{Rm) < CRm"^ all 1 < i < n. 

The following lemma is immediate after using the above procedure along with the estimates from Corollary 

m 

Lemma 4. Let e > be small. Then there exists some K > and 1 < Rm — > oo such that 

\\DluiRrn)\\i<KR^f^, (9) 



\DMRm)\\i<KRm'-' , (10) 



\\u{R.m)\\l<KR^n^-' , (11) 

\Dtu{Rm)\\lXl<KR^^"\ (12) 



Note that we can rewrite (I12II as 



where 



DiuiRm)\\i<KRm'^' . (13) 



\Dtu{Rrn)\\,+, < KrJ''^''"^"^'\ 



a{e) ~ I — + a 



p-l J l+e 



Note that ai{e) > all e > and ai{e) — > as e — > 0. 

Completion of the proof for Theorem [3j Let a > 0, iV = 5 and take 1 < p < P4{a) = 9 + 2a. 
We suppose there exists a positive bounded solution u of ([2]) and we choose < e < small (wc pick 
precisely later) . Let 1 < Rm — >■ oo be as promised in Lemma ID We now find upper bounds for each term 
li from Corrolary [1] using a combination of Sobolev embeddings on the unit sphere. Holder's inequality and 
the decay estimates from Lemma IH We omit the index m in what follows, so i? = Rm- We also omit any 
constants that are independent of i? > 1. All spaces and norms are over the unit sphere. 

1 N+a N+a 

1. (Estimate for h). First note that {h{R))^ < R—\\u{R)\\p+i < i?~ ||M(i?)||oo- We have the 
Sobolev embedding W'^'^'^'^ L°° and so for any sufficiently regular v defined on the unit sphere we 
have \\v\\oo < + ||w||i- Taking v — u{R) gives 

||«(^)||oo < \\DtuiR)\\,+, + \\uiR)\\, < R^\\DMR)\\i+e + 

and we now use the decay estimates from Lemma H] to see that 

(/i(i?))^ < + 

Now recalling that R > I and that a(e) > we see that {Ii{R))~ < where 

p 2q: - 9 , , 
ip+l)ip-l) +''^'^' 

and we note this can be made negative by taking e > sufficiently small. 
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2. (Estimate for I2). Firstly we have {l2(R))'^ < i? 2 ||D3.u(i?)||2 and we have the Sobolev embedding 
VF^'i L^. Hence ||w||2 < \\D^v\\2 + \\v\\i and taking w = D^u{R) gives \\D^u{R)\\2 < R'^\\DIu{R)\\i + 
||-Da:M(i?)|| 1. Using the estimates from Lemma 2] gives 

, , , 1 3 e, + p + 3 

(/2(i?))5 < R^-^^, 

and note exponent on R is negative precisely when p < 9 + 2a. 

3. (Estimate for /a). First note that /3(_R) < i?^^^||M(i?)||oo||-D^M(i?)||i. Using the estimates from Lemma 
Eland the L°° estimate from 1 we arrive at hiR) < /J^^le) where 

, , p — 2a - 9 , , 

a2[e) := ha(e), 

P- 1 

which we note can be made negative by taking e > sufhciently small. 

4. (Estimate for I5). Note that (hiR))^ < R^\\Dlu{R)\\2. Also note that W^-'^ so 

\\Dlu{R)\\2 < R'\\Dtu{R)h + \\Dlu{R)h, 
and replacing the term ||_D^M(i?)||i with \\D^u{R)\\i+^ one arrives at 

where 02(6) is defined above. 

5. (Estimate for h). First note that by Holder's inequality we have hiR) < R^\\Dlu{R)\\4\\D.^u{R)\\4. 

11 

Sobolev embedding gives W ' — > and so 

\\Dlu{R)\\. < \\DeDlu{R)h + \\Dlu{R)h < R\\Dtu{R)\\,+, + \\Dlu{R)\U. 

Also we have VF^'S and so 

\\DMR)h < R'\\DluiR)\\. + \\DMR)\\i- 

Using the estimates from Lemma S] gives 

\\Dlu{R)\\i < \\DMR)\\4 < 

Putting this together gives h{R) < R"''-"^ where 

, , p — 9 — 2a „ / X 

a3(e) ^ ^ 2a e , 

p- 1 

and note this is negative for sufficiently small e > 0. 

So by taking e > but sufficiently small such that ai(e), 02(2), a3(e) < and letting R^ denote the 
sequence promised by Lemma S] we see that 

r ^ 

/ Ix^uP+i < C^/,(i?,„), 

but Ii{Rjn) — > as m — >■ 00 and so we see that Ixj^u^+^x — contradicting the fact that u is positive. 

□ 
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